From an investigation of structure it is shown that there exists a large group of dipolar organic solids whose dipoles have two equilibrium positions with opposite dipole direction. To calculate the dielectric properties Onsager's theory has been extended and developed into a systematic approximation which converges above a critical temperature. To derive the local field acting on a dipole we have replaced the surroundings by a continuum whose dynamic dielectric properties we have taken into account. As a result we find larger dielectric constants and smaller dielectric losses than in Onsager's theory. We have also shown that liquids with high viscosity behave similarly to solids, while for liquids with low viscosity there are no such deviations from Onsager's theory.
1.
The purpose of this paper is twofold. First, from an analysis of their structure we shall show th a t there exists a large group of dipolar solids whose dipoles do not rotate but have two stable positions with opposite dipolar direction. Secondly, we shall develop into a systematic theory a method which has been widely used in order to account for dipolar interaction. I t is the method whereby the local field acting upon a dipole is obtained by replacing by a continuous medium the surroundings of this dipole outside a cavity. Debye (1929) , who first applied this method to dipolar substances, assumed th a t the local field is given by the usual Lorentz theory. His local field is thus deduced on the assumption th a t the dielectric polarization inside the cavity is identical with the average macroscopic polarization. Onsager (1936) pointed out th a t this was incorrect when a permanent dipole is being placed inside the cavity. He showed th a t the local field is composed of two components: (i) the cavity field which is the field produced inside the cavity by the external field on the assumption th at the dipole has been removed; (ii) the reaction field which is the field at the position of the dipole which is produced through the action of the dipole on its surroundings. Onsager then assumed th a t this reaction field has always the same direction as the dipole. Thus it does not exert any force upon the dipole and can be omitted. This procedure is open to objections (see also Sauer & Temperley 1940) . I t is true the equilibrium value of the reaction field has the direction of the dipole. This equilibrium value will, however, never be established in view of the frequent changes of the direction of the dipole. I t will thus be necessary to take the reaction field into account, and to calculate it from the dynamic dielectric properties of the surrounding medium. Nevertheless, we shall find th at Onsager's theory constitutes a correct zero approximation although for reasons different from those given by him. We shall see that, for the substances which we treat here, the method of replacing the surroundings of a dipole by a continuous medium is re stricted to temperatures above a critical temperature T0, where the energy kT0 is of the order of magnitude of the dipolar interaction. Thus in zero order this inter action, and hence the reaction field, can be neglected. Clearly the deviations of the more exact theory from Onsager's theory increase with decreasing temperature. While they may be appreciable for solids and for liquids with high viscosity we shall find th at for liquids with low viscosity Onsager's theory is always a very good approximation.
In the following we shall start with a discussion of the structure of substances consisting of long-chain molecules. We shall then develop the general mathematical method and finally use it to calculate the dielectric constant and the dielectric loss.
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II. M o d e l a n d s t r u c t u r e
2.
Solids. The structure of many of the substances with which we are concerned in this paper can be derived from the structure of paraffins which has been in vestigated by Muller (1928) . Paraffins are long-chain molecules forming a plane zigzag with a CH2 group at each corner and a CH3 group at the ends. Polar mole cules can be obtained from paraffins by introducing polar groups. Thus a ketone is obtained by replacing a CH2 group by a C = 0 group (figure 1). In the paraffin structure the chains are arranged in layers whose thickness is approximately equal to the chain length. Within such a layer the molecules form rectangular cells with side lengths a, b, c where a~ 5 A, b~ 7-5 A and Figure 2 shows how the chains, whose cross-sections are indicated, intersect the a-b plane. The next layer on top of the one considered just now is slightly shifted in the 6-direction. From this structure other long-chain structures can be obtained by choosing as unit cell a parallelepiped with arbitrary angles.
All these lattice structures strongly suggest that each chain has a second position of equilibrium obtained by turning the chain plane by 180°, thus reversing the direction of the dipole j* (see figure 2) . The existence of two positions for each molecule should lead to order-disorder transitions connected with an anomaly in the specific heat as has actually been observed for paraffins (see Muller 1932; Ubbelohde 1938) . The transition from one state of a molecule into the other has been investigated previously (Frohlich 1942) for the case of dipolar chain molecules dissolved in paraffin wax.
Let us now restrict ourselves to molecules which contain only a single dipolar group which usually lies in the chain plane. In this case the position of a molecule can be described in a unique way by the position and direction of a single dipole. We may thus speak of dipolar interaction when we think of th at part of the inter action between molecules which depends on the direction of the chain planes.
The conception of two stable dipolar directions has already been used by Debye (1929) even in the solid state there is certainly a large group of solids, the dipoles of which do not rotate. For these substances we shall adopt the following model:
(i) The substance consists of a continuous medium containing dipoles which form some crystalline lattice. The continuous medium has the real dielectric constant em independent of the frequency of an external field, i.e. the corresponding polar ization is loss-free and relatively inertia-free.
(ii) All dipoles have the dipolar momentum fi. A part from their m utual inter action they are subject to non-dipolar forces which tend to orient them into either of two opposite directions. We shall call them stable positions or equilibrium positions of the dipoles. The potential energy of the dipoles is supposed to be the same for the two positions if the m utual interaction between dipoles is being neglected.
(iii) Occasionally a dipole will have sufficient kinetic energy to jum p over the potential hill separating the two equilibrium positions. Let p be the probability per second for such a transition, neglecting dipolar interaction. We then define a time of relaxation r of the dipole by ^ ^( 2*1) (iv) In an external electric field E a dielectric polarization M is induced per unit volume defining the dielectric constant e by
If P denotes the contribution of the dipoles to M then
In alternating fields it is useful to introduce complex quantities. Let o) be the angular frequency of the field, then we shall write E = P 0e*w < (2-4) and e = e' -ie", (2*5)
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where e' and e" as well as are real. This way of writing means th a t the field strength is the real p art of (2*4) while the electric displacement is the real p art of eE. Hence the dielectric loss per second and per unit volume is given by \e'(i)El tan 6 e| where the loss angle 6 is given by tan 6 = .
( Our way to introduce the non-dipolar contributions to the polarization (i.e. (e^ -1) E/4:7t) differs from the usual way where a molecular polarization is first introduced and connected with with the help of the Clausius-Mosotti formula (see Debye 1929) . The use of this formula is, however, objectionable (see, for instance, K urtz & W ard 1937). 3
3.
Liquids. From X-ray investigations it is known th a t in a liquid the neighbours of a given molecule are mostly arranged according to a certain crystalline structure except for some small deviations. Accordingly we shall assume that, even in a liquid, a molecule, and hence a dipole, has two stable positions relative to its neighbours. Thus if we approximate the surroundings of a molecule by a macroscopic liquid this must be assumed to adhere to the surface of our molecule. Thus, if we neglect the transitions of the dipole between its two equilibrium positions, we are led to Debye's model where the motion of a dipolar molecule in a liquid is treated in the same way as the motion of a macroscopic body (Debye 1929) . Let be the time of relaxation according to Debye which is proportional to the viscosity of the liquid. Then when ever Tj) 1 j p( see equation (2-1)), as is probably the case for liquids with small viscosities, Debye's model is applicable. For substances with very high viscosity, however, probably td^> 1/p. In this case, therefore, our solid model is more appropriate. For not too high temperatures, this should apply in particular to amorphous organic substances which have no sharp melting-point.
III. T h e m at h e m a t ic a l m e t h o d

4.
I t is the purpose of this section to calculate the dipolar contribution to the dielectric polarization induced by the external field E. For solids we shall always assume th a t we are dealing with polycrystalline m aterial and, therefore, average over the angle 0 between field and dipolar direction. I f we neglect the interaction between dipoles, the energy of one dipole becomes jnE cos d. For weak static fields (fiE<4kT) the Boltzmann theorem yields a t once for the polarization per unit volume
where n is the number of dipoles per unit volume. To neglect the dipolar interaction is, however, permissible only in the relatively uninteresting case e -1. The m ain difficulty to account for this interaction is its long range ~l / r 3 which makes it impossible to take into consideration the interaction between nearest neighbours only.
In order to simplify this problem we shall follow a m ethod in which the action upon a selected dipole of the external field and of all dipoles is being described by a local field F which has been calculated in a simplified manner. I t is then assumed th a t on an average all dipoles behave in the same way as the selected one. The polarization is thus obtained from (3*1) if E is replaced by F. To determine F we surround the selected dipole by a cavity of volume 1 and tre a t the outside as a continuous medium whose dielectric properties are the same as the macroscopic dielectric properties which we w ant to calculate. Following Onsager (1936') we split F into two parts: (i) the cavity field G which is obtained on the assumption th a t the dipole has been removed from the cavity; (ii) the reaction field R which is the change of the field a t the position of the dipole through its action upon the surrounding
Our definition of G is slightly different from Onsager's who remov dipole from the cavity in order to determine G b u t the whole molecule. Thus the dielectric constant of the em pty cavity is in our case, but u nity in his. The actual value of G depends on the shape of the cavity. For a sphere of radius a, given by we obtain, following Onsager's calculation,
independent of a. I t should be noticed th a t this expression remains correct for alternating fields if e represents the complex dielectric constant a t the frequency in question.
Our treatm ent of the reaction field R is essentially different from Onsager's who assumes th a t R is equivalent to R1, the value which R tend remains in a given direction for a time which is long compared to the relaxation time t. This, however, is not the case, and, therefore, we shall describe R by its dynamic properties, i.e. by its time-dependent differential equation. From the definition of the time of relaxation it follows th at T^ = -R + f i^, (3-5) at p an equation which we shall justify below (see text between equations (3*17) and (3*18)). p.//t is the unit vector in the direction of the dipole (which depends on time) and obviously | R| < R l, (3-6) unless the dipole remains infinitely long in the same direction. For a spherical cavity Rx can be calculated similarly to Onsager's calculation of his R. Given a sphere of radius a with the static dielectric constants eO T and e8 inside and outside the sphere (es is the static value of e). Let \]r be the electric potential so th a t
would be a solution if = es, i.e. if there were no dipoles present, (r = distance from the centre of the sphere, 0 -angle between r and p.) If find from -0,
\jr = ~ ^i r j cos if
\1/ = ^--5 cos esr 2
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The constants R1 and /i* have to be determined from the boundary conditio the surface of the sphere (continuity of the tangential component of the electric field strength and of the normal component of the electric displacement). This leads to R _ 2(ea-e J n C oo (2es + eJ a (3-7)
Onsager treats R not as a dynamic but as a static quantity, i.e. he uses R = Rx\ijy. The energy -(p, R) of the dipole in the field R is in his case -/iRv I t is thus in dependent of the dipole direction and can be omitted. This would be correct only if 1/r were large compared to d (\kj(i) jdt. This is the case only for of Onsager's reaction field. In our treatment of the reaction field we have defined R as being due to dipoles only, while the non-dipolar contributions, described by e^, have been assumed to be free of inertia.
5.
Range of validity. Before starting with the actual calculation we want to investigate the range of validity of our method. One of the main points of the method is to calculate the reaction field with the help of the macroscopic dielectric constant of the substance making use of the fact th a t in the absence of an external field th e polarization vanishes everywhere if we imagine the dipole to be removed from the cavity. In the presence of the dipole an electric field is set up whose order of magni tude is
Ri n the neighbourhood of the cavity. Now consider a small region of the continuum in the neighbourhood of the cavity co-ordinated to a selected dipole. This region is being polarized through the action of this dipole. We might, however, have selected any other dipole which would induce a different polarization in this region. Our method will work only if these various polarizations do not influence each other, i.e. if they superpose linearly. This is the case if we do not approach saturation. Since saturation is approached if the local field is larger th an our condition is fiB < k T or with (3*6), and introducing a tem perature
A similar condition is obtained from a consideration of the cavity field G. From (3*4) we see th a t G vanishes in the absence of an external field. Thus the field a t the position of a dipole should be due to the reaction field only, i.e. it should vanish if we imagine this dipole to be removed. In the average this should be the case for liquids and for the disordered state of the dipoles in solids, b u t in general not for the ordered state. Thus if the order-disorder transition j-occurs a t the tem perature we require T > T X. kTx is of the order of magnitude of the energy req T = 0 a dipole from one equilibrium position into the other. I f we assume th a t this energy is due to the electric interaction between the dipoles then Tx Ẽ quation (3*8) has been derived as a necessary condition for the application of our method. I t should be realized th a t we have no means of estimating the deviation of our approximation from the exact solutions. In connexion w ith this it is of importance th a t Van Vleck (1937 a, b) has shown th a t the ex of an assembly of dipoles can be developed into a convergent power series in 1 if k T is large enough. For a model which corresponds to our low viscosity liquid model he found th a t his results are identical w ith Onsager's up to the third order in 1/T .In § 7 we shall also find th a t Onsager's approximation is very good for such liquids but we shall find stronger deviations for solids. Van Vleek's method naturally is much more difficult than Onsager's, and it would probably be very complicated if applied to alternating electric fields. His method is of importance, however, as it provides a justification for the applicability of methods in which the surroundings of a dipole are replaced by a continuous medium (as used by Debye, Onsager and in the present paper).
6. The fundamental equations. Solids. We shall now derive the fundamental differential equations of our theory for the model of a solid dielectric, described in § 2, in which each dipole has two stable positions with opposite dipole direction. These we shall call the 1-and the 2-directions. Our aim is to calculate the polarization t A study of order-disorder transitions in solid dielectrics of a type which we do not consider here was given by R . H . Fowler (1935) . P induced by the field E. If n x and n2 are the numbers of the 1-and 2-directions respectively, clearly
where 6 is the angle between the field and the 1-direction over which we shall average (polycrystalline material). Throughout we shall assume weak external fields, i.e.
< 0 , and hence (3>1°)
We also remember th at according to (3*8) we can introduce a parameter 1 by
This enables us to build up a systematic approximation by developing all expressions into power series in y. For the present we do not require the actual value of y but only the fact th a t y< 1, and we shall calculate the polarization P up to order in y. In our zero order, y, and hence the reaction field, is neglected entirely as in Onsager's theory This theory is, therefore, a correct zero order approximation. The reason for this is, however, not the fact th at the reaction field immediately follows the dipole and thus does not exert any force (Onsager), but it is due to [iRx < k T whenever our method is applicable.
Let us follow Debye (1929) in giving a brief derivation of the zero-order equations. I f w12 and w21 are the probabilities per second for the dipolar transitions 1 -> 2 and 2 -> 1 respectively, clearly
Now since we neglect R in zero order, the local field F is given by G, and the energy of a dipole is + fiO cos Q for the 1-and 2-directions respectively. In the equilibrium state and for static fields, d n jd t = 0 and thus wx/w2 = From Boltzmann's theorem we find
or, using (3*10), and the fact th at w21(0) must be equal to w12( -O), w 21 -c e^o cob e/kT " = (3.14)
where c may depend on T. Assume now (3*14) to -hold also for time-dependent fields G which is correct if the frequency of the field is small compared to the proper frequencies of the dipole. Then inserting (3*14) into (3-12) we find, using (3*13) and (3-9), and neglecting quadratic term s in 0 , Let us now tu rn to the first-order approximation taking into account the reaction field R. Since R itself is small of the first order it will be sufficient to calculate R from the zero-order equation. This we have already done in equation (3*5) which is identical with (3-15). Since in solids the dipole can have only two directions, (3*5) and (3*6) become
In contrast to the zero-order approximation the energy of a dipole is now
where the -stands for the 1-direction and the + for the 2-direction. Consequently instead of (3*14) we have now, using (3*16), where t x = R /R x, and fi = (3*21) 1 C J In equation (3-12), which is an exact equation, the transition probabilities wlit w21 now contain R given by the differential relations (3*18) which implicitly depend on nx and n2. Thus in first order (3* 12) cannot be solved so easily as in zero order. To find a solution we introduce a probability function p x(R )dR denoting the prob ability th a t a t the time t a dipole is in the 1-direction while the reaction field has f Our final result (i.e. the expression for P ) will be proportional to ji. We have thus to keep terms ~fiy but neglect terms ~/?2 and ~y 8 in order to find P correct in the first order in y. a value between R and R + dR. Similarly we introduce p 2{R) for the 2-direction. Thus
p i} and hence ni} may depend on the time t. We shall now develop the kinetic equations for Pi{R). The differential coefficient of p t with respect to the time is composed of two terms (3-23)
The first term refers to a change in dipole direction keeping R constant, whereas in the second term R varies but the dipole direction is kept constant. Clearly in analogy to (3*12)
To find the second term we notice th at in the time interval dt, R increases by
We now make use of equations (3*18) for and find
) R dR r r * dR r r * (3*25)
Inserting (3*24) and (3-25) into (3*23) we obtain
To bring these equations into a mathematically more useful form we use the dimensionless variable x defined by x = (-1 < a? < 1), (3*27) and instead of p x and p 2 we introduce the functions
g{x) = {px-p i)R v and (3-28) (3-29)
We then obtain from (3-26), using (3-20),
These two differential equations have to be solved under the following conditions. First, since the total number of dipoles per unit volume, = n 2, is a constant, we find from (3*28), (3*22) and (3*27) From the four equations (3*30)-(3*33) we have to determine the polarization P . Thus according to (3-9) we require n 1 -n 2 which, using (3*22), (3*27) and (3*29), is given by
To find the integral J we integrate equation ( Finally, in order to obtain P (see (3-9) and (3*34)) we multiply this equation by fin cos 6 and replace cos2# by 1/3 (poly crystalline material). Introducing /? from (3*21) we obtain £(■-!)(«« §)• »-> Thus for static fields, (r = G0, the equilibrium value P0 of P beco y 2 and higher powers in y, _ 0 3&P
For time-dependent fields suppose (■*9-
G -G0
(3-37) (3*38)
where G0 is time independent and <f>(t) is a function of time. Introducing this and (3*37) into (3*36) we find T2^+2Tf + <1-^p = (1-^p»(«i+Tf ) -<3'39>
Equations (3*37) and (3*39) clearly demonstrate the deviations of the first-order values of the polarization from the zero order (i.e. Onsager's theory), equations (3*17) and (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . We see th a t the effect of the reaction field is twofold. First, the static polarization is larger by a factor 1 + y/2 < 3/2 and thus lies between the values according to Onsager and according to Debye. Secondly, the time dependence is different from both Onsager's and Debye's theories. The dipoles are no longer independent of each other and thus reach an equilibrium value no longer ~ c~t,r but in a more complicated way. Let us calculate the time dependence of in a periodic field ^ = ^ (3-40)
Inserting this into (3*39) we find in first order in y p = |~i-y 4 ----7-----1 l+iarr [_ 7 (1 -Mwt)2J ' which for y = 0, of course, is identical with the well-known Debye formula.
7. Liquids with low viscosity. We have seen th a t in solids a dipole has two equili brium positions with opposite dipole direction. An external field alters the transition probabilities between the two positions in such a way th a t a dipole will prefer one of the two directions thus giving rise to a polarization. In liquids, on the other hand, a dipole may have any direction. An external field tends to tu rn a dipole into a direction parallel to its own, against frictional forces and therm al motion. In spite of this difference from the solid case, the polarization in liquids is in our zero order determined by equations of the same type as in solids ((3*15), (3*17)) as can be seen from the work of Debye (1929) . The whole difference lies in the different expressions for the time of relaxation which in solids is connected with the transition probabilities between the two equilibrium positions (see equation (2*1)) while in liquids with low viscosity it can be derived from the viscosity (see § 3).
Taking into account the reaction field, however, low-viscosity liquids behave differently from solids and high-viscosity liquids. We do not w ant to give details of the calculations because they only show th a t in low-viscosity liquids the influence of the reaction field is negligible. For the static polarization, for instance, the firstorder value of the polarization is found to be (1 + y/24) of its zero order value in contrast to a factor (1 +y/2) in solids (3-37). Thus it follows th a t for low-viscosity liquids, Onsager's theory (i.e. our zero approximation) is a very good approxima tion, as is also suggested by the work of Van Vleck (19376) . This difference between such liquids and solids is due to the fact th a t in these liquids a dipole changes its direction more gradually than in solids, thus giving the reaction field a greater chance to adapt itself to the dipolar direction.
IV. R e s u l t s a n d d is c u s s io n
From the calculations of the previous sections we can now derive our final results for the dielectric constant and the dielectric losses. We shall restrict ourselves to a discussion of solids and liquids with high viscosity because, as we saw in § 7, Onsager's theory is a sufficiently good approximation for liquids with low viscosity.
8. The static dielectric constant. From expression (3' 37) for the static polarization we obtain the static dielectric constant es, using equations (2-2), (2*3) and (3-3), es = e» + a 4 r ( 1 + l )^' <4,1)
where E0 is the static electric field. G0 as well as y depend on the shape of the cavity. For the simplified case of a spherical cavity we can insert G0 from (3*4) and find
■ • --' s S i A H ) .
where, according to (3*11) and (3*7), v = A = J L -2(e« ~ 6°q) < 1 " IcTa*kT e J (4-3)
Here we can calculate p 2/azk T from equation (4*2) and insert it into ( we have to neglect y 2 terms, and obtain Thus finally v 2 (e8-e J a y** f <1.
(4*4) e8 e 00 e _ e , 3e* P* / l + l ( es" e«>)2\
8
Q O + 2e8+ e0O a 3^\ + i ) ' (4-5) I t should be remembered th at this formula holds for temperatures T larger than a critical temperature T0, which has to be determined from the condition y < 1, which, using (4*4), is equivalent to es < 7 + V33 eco ~ ^ew (4-6)
This condition thus means th at coming from high temperatures where approaches equation (4*5) is valid until we reach a temperature T0, where es~ 36^. Nothing can be said from the present theory about the behaviour of e3 for T < T 0. Our expression (4*5) for e8 contains two parameters, the high-frequency dielectric con stant and ji2/a3k which has the dimension of a temperature. To compare (4-5) with experimental results we require measurements over a fairly large temperature range which we found in a paper by Garton (1939) . He has measured the dielectric constant of a chemically pure synthetic resin (glycol phthalate) between room temperature and about 200° C. Such resins are amorphous substances which gradually soften as the temperature increases but have no well-defined meltingpoint. According to § 3 we may expect such substances to behave according to our solid model as is actually suggested by the agreement of our theory with the experi ments as shown in figure 3 . The experiments are carried out at frequencies of 50 kcyc./sec., 50 cyc./sec. and for static fields. They can be used to deduce the static dielectric constant es(T) since the function es(T) forms the envelope to the set of temperature curves ey(T) where the suffix v denotes the frequency of the field.
